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Abstract. Lately, experimental research on microbial symbioses based on nutrient
exchange and interdependence has yielded a number of interesting findings, how-
ever an in-depth mathematical description of the exact underlying dynamics of such
symbiotic associations is still missing. Here, we derive and analyse a mechanistic
mathematical model of such a relationship in a continuous chemostat culture based
on five coupled differential equations. The influence of the biological traits of the
involved organisms on the position and stability of the equilibrium states of the
system is examined. We also demonstrate how manipulating the external metabo-
lite concentrations of the system can shift the species interaction on a continuous
spectrum ranging from mutualism over commensalism to parasitism.
1. Introduction
A symbiosis is defined as a close and usually long-term interaction between two dif-
ferent biological species (Douglas, 1994). Generally, three different broad categories of
symbiotic relationships have been distinguished: mutualism, in which both individuals
derive a benefit; commensalism, where one individual benefits and the other one does
experience neither harm nor benefit; and parasitism, in which one organism, termed
the parasite, benefits at the expense of its symbiotic partner, called the host (Yukalov
et al., 2012). One specific form of symbiosis is called ’syntrophy’, a term often used
in the field of microbiology to describe a symbiotic relationship between two species of
microorganisms based on nutritional interdependence (Prescott et al., 2010). In other
words, in such a symbiotic cross-feeding relationship the two species live of and depend
on products released into their shared environment by the respective other symbiont.
Experimental research in the field of syntrophic mutualism of microbial populations has
already yielded a number of interesting results. Mee and colleagues have constructed
communities of different auxotrophic strains of Escherichia coli that relied on amino
acids produced by their respective symbiotic partner in order to grow (Mee et al., 2014).
The authors analysed their experimental results by infering a matrix of pairwise ’coop-
erativity coefficients’ that quantify how the presence of one specific auxotrophic strain
influenced the growth of the respective other auxotrophic strains, but did not char-
acterise the population sizes and amino acid concentrations as functions of time any
further. Kerner and colleagues also have implemented such a ’forced symbiosis’ using
the same approach with a pair of E. coli strains which were auxotroph for the amino
acids tryptophan and tyrosine respectively (Kerner et al., 2012). They analysed the
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2 MECHANISTIC MODEL OF DISJUNCTIVE METABOLIC SYMBIOSES
behaviour of their symbiotic system by devising a set of four coupled differential equa-
tions for the two population densities and the two amino acid concentrations over time.
The authors were able to derive an analytical formula describing the final equilibrium
state of the system as functions of the amino acid efflux rates and demands of the two
symbionts. However, this model has been derived under the assumption of an identical
behaviour of the two strains with regard to their resource consumption, resource affinity
and intrinsic growth rates, and was not generalised to cases in which the two symbionts
differ with regard to these parameters.
A study of importance for this work was carried out by Megee and colleagues, who exper-
imentally studied a ’symbiotic spectrum’ for a two-species syntrophic culture consisting
of the baker’s yeast Saccharornyces cerevisiae and a strain of the bacterium Lactobacil-
lus casei. Both microbes competed for the limiting resource glucose, while the latter
was dependant on riboflavin produced by the yeast utilising glucose as carbon source.
The authors noted that the importance of the abiotic environment in such studies can
hardly be overemphasized and that care has been taken to control and (or) measure the
more important parameters of the abiotic environment – and indeed through careful
manipulation of the concentrations of glucose and riboflavin in the growth medium the
interaction between the two microbes could be shifted on a spectrum ranging from com-
mensalism over pure competition to mutualism, as demonstrated by measuring growth
behaviour and rigorous mathematical analyses. It has to be noted, however, that their
mathematical framework was directly aimed at the special case which has been exper-
imentally studied in their work alone, and not at the general case of arbitrary species
exchanging arbitrary metabolites (Megee et al., 1972). A more recent work has studied
this topic both experimentally by cocultivating two free-floating metabolically interde-
pendent yeast strains which exchange amino acids and by using strongly simplified and
rather abstract ’phenomenological models’ based on two coupled ordinary differential
equations. The authors came to a similar conclusion and demonstrated how varying ex-
ternal concentrations of the exchanged amino acids can qualitatively change the nature
of the species interaction among a ’symbiotic spectrum’ ranging from obligate mutual-
ism to competition and competitive exclusion as the extreme ends (Hoek et al., 2016).
Purely theoretical reflections on such symbiotic relationships have lead to a number of
different mathematical approaches such as the model by Yukalov and colleagues that
describes symbioses as a mutual influence of species on the livelihoods and thereby the
carrying capacities of each other (Yukalov et al., 2012). Another mathematical model
by Graves and Peckham understands symbiotic relationships as species mutually influ-
encing their realised growth rates in a given environment (Graves et al., 2006). While
simple and mathematically elegant, these models are inherently phenomenological in
nature, which means that they reproduce observed behaviour of a study system without
providing any further mechanistic insight into the underlying processes of the symbiotic
relationship. Moreover, these models contain a number of parameters such as so-called
’symbiosis coefficients’ that need to be chosen rather arbitrarily and cannot be directly
understood from first principles, but only inferred from data a posteriori. This makes
understanding them from a biological point of view difficult.
Hence, in this study a mechanistic model of the syntrophic relationship between two
microbial species was developed and analysed containing only parameters which can be
measured experimentally and directly manipulated. The rest of the paper is organised
as follows: In Section 2 the mathematical model is derived, and in Section 3 we describe
its standard parametrisation. In Section 4 we find the steady states of the system and
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analyse their stability, afterwards in Section 5 we study the effect of differences in the bi-
ological properties on position and stability of the equilibria of the system. Additionally,
in Section 6 we show how manipulating the external metabolite concentrations in the
medium can shift the species interaction on a continuous spectrum ranging from mutu-
alism over commensalism to parasitism. Finally, in Section 7 we discuss some biological
implications of the results of this paper.
2. Theoretical model
The devised model relies on the following assumptions:
(1) The population densities N1(t) and N2(t) of the two interacting species depend
on respectively one metabolite emitted by the respective other species following a
Monod growth kinetic (Monod, 1949). Let K1,K2 denote the associated Monod
constants of the two species. The concentrations of the two metabolites in the
growth medium are denoted M1(t) and M2(t).
(2) One individual of N1 (N2) changes the concentration of the metabolite M1 (M2)
at a rate of 1 (2) due to metabolite efflux into the culture medium.
(3) Additionally, the growth of both populations relies on a limited resource with
concentration R(t), following Monod kinetics, as well. Let L1, L2 denote the
associated Monod constants of the two species.
(4) Each newly arising individual of N1 (N2) reduces the metabolite concentration
by γ1 (γ2) and the concentration of the limited resource by α1 (α2).
(5) Substances and cells are washed out (or diluted) with a fixed rate ω and the
culture is supplied with the limited resource at the same rate, where Rin denotes
the influx concentration. If desired, metabolites can be added into the culture
as well, if so, their influx concentrations are denoted as M1,in,M2,in.
Figure 1 provides a schematic overview of the modelled system.
The final model consists of a system of five coupled ordinary differential equations. The
effective growth rates β1 and β2 of the two populations are functions of resource and
metabolite availability and amount to
β1(M2(t), R(t)) =
M2(t)
M2(t) +K1
R(t)
R(t) + L1
r1,
β2(M1(t), R(t)) =
M1(t)
M1(t) +K2
R(t)
R(t) + L2
r2.
(2.1)
Accordingly, the growth of the two population densities are given by
N˙1(t) = (β1(M2(t), R(t))− ω) ·N1(t)
N˙2(t) = (β2(M1(t), R(t))− ω) ·N2(t).
(2.2)
The change in resource concentration is therefore given by
R˙(t) = ω · (Rin −R(t))− α1 · β1(M2(t), R(t)) ·N1(t)− α2 · β2(M1(t), R(t)) ·N2(t).
(2.3)
Finally, the changes in metabolite concentrations amount to
M˙1(t) = ω · (M1,in −M1(t)) + 1N1(t)− γ2 · β2(M1(t), R(t)) ·N2(t),
M˙2(t) = ω · (M2,in −M2(t)) + 2N2(t)− γ1 · β1(M2(t), R(t)) ·N1(t).
(2.4)
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Figure 1. Schematic overview over the devised model describing the
disjunctive symbiosis based on metabolic interdependence. Species N1
releases metabolite M1 into the culture medium which is taken up by
species N2, which in turn releases metabolite M2 into the medium which
is required by species N1. Both N1 and N2 depend on a limited resource
R as well.
3. Parametrisation of the model
The model was parametrised as described in Table 1 unless stated otherwise. If the lim-
ited resource is thought to be a carbon source such as glucose, an influx concentration
of 2 g/l is a realistic quantity which is often encountered in various nutrient broth for-
mulations such as M9 minimal medium (Miller, 1972). The washout rate of the culture
is set to 0.1 h−1, a typical value within the standard parameter range for long-term
chemostat experiments (Ziv et al., 2013).
In the next section of the table, the biological parameters of the two species are listed.
The intrinsic growth rate is set to 1 h−1, which equals one cellular division per hour, a
value typical for bacteria such as E. coli in minimal nutrient medium (Madigan et al.,
2017). Due to the lack of research literature on the topic, the efflux rate had to be esti-
mated to be 300 fg/h. The yield factor of the cells for the exchanged metabolites and
the associated Monod constants were assumed to be similar to the ones of E. coli for the
nutrient phosphate (PO3−4 ). Therefore, a yield factor γ of 100 fg per cell (Fagerbakke
et al., 1996) and a Monod constant of 10 µg per single cell (Shehata and Marr, 1971) is
used.
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The amount α of the limited resource R required to build one new cell is estimated to
be approximately 1000 fg: The dry weight of one cell of E. coli falls in the range of 100
to 1000 fg per cell depending on the speed of growth (Raetz, 1996) and the conversion
rate from sugar to dry biomass is approximately 0.5 in case of aerobic bacterial growth
(Shiloach and Fass, 2005). Therefore, on average an amount of 1000 fg resource per
one new cell is a reasonable estimate. The Monod constant L of the cells for the limited
resource R is set to 100 µg/ml, approximately equalling the Monod constant of E. coli
for glucose (Senn et al., 1994).
Model Parameter Symbol Value Unit
Culture conditions
Influx concentration limited resource Rin 2 g/l
Influx concentration metabolite #1 M1,in 0 g/l
Influx concentration metabolite #2 M2,in 0 g/l
Washout rate ω 0.1 h−1
Parameters symbionts
Intrinsic growth rate r1, r2 1 h
−1
Efflux rate for metabolite #1, #2 1, 2 300 fg/(cell ∗ h)
Yield factor for metabolite #2, #1 γ1, γ2 100 fg/cell
Monod constant for metabolite #2, #1 K1,K2 10 µg/ml
Yield factor for limited resource α1, α2 1000 fg/cell
Monod constant for limited resource L1, L2 100 µg/ml
Table 1. The standard parametrisation of the model.
4. Steady states and stability
Assume the existence of a non-trivial steady state with N1(t) > 0 and N2(t) > 0 the
system converges to with t→∞. Then, by definition, we get
N˙1(∞) = N˙2(∞) = R˙(∞) = M˙1(∞) = M˙2(∞) = 0. (4.1)
By letting β1 = β2 = ω, we obtain from equation (2.2)
M2(∞)
M2(∞) +K1
R(∞)
R(∞) + L1 r1 =
M1(∞)
M1(∞) +K2
R(∞)
R(∞) + L2 r2, (4.2)
which shows that at the steady state, regardless of the amount of additionally supple-
mented metabolites, the metabolite concentrations in the medium will be exactly equal,
as long as the two symbionts share the same metabolite and resource affinities and in-
trinsic growth rates. Using the above equation, we can also calculate the ratio of the
two metabolite concentrations at the steady state in case of symbionts with different
traits.
We apply β1 = β2 = ω to equation (2.3) and obtain
R(∞) = Rin − α1N1(∞)− α2N2(∞). (4.3)
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Using this equation, from β1 = β2 = ω we also obtain the two following relationships
between metabolite concentrations and population densities at the steady state
M1(∞) = K2
(
r2
ω
Rin − α1N1(∞)− α2N2(∞)
Rin − α1N1(∞)− α2N2(∞) + L2 − 1
)−1
,
M2(∞) = K1
(
r1
ω
Rin − α1N1(∞)− α2N2(∞)
Rin − α1N1(∞)− α2N2(∞) + L1 − 1
)−1
.
(4.4)
Now consider equation (2.4) and solve for the metabolite concentrations. We obtain:
M1(∞) = M1,in + 1
ω
N1(∞)− γ2N2(∞),
M2(∞) = M2,in + 2
ω
N2(∞)− γ1N1(∞).
(4.5)
Equating the two previous sets of equations yields a system of two equations, which can
be solved for N1(∞), N2(∞). Because the general expressions were too complex for a
meaningful biological interpretation, we here exemplarily calculate a contrived example,
in which the second symbiont has a intrinsic growth rate twice as high as the first one.
This yields four possible solutions, however the last one is biologically not possible due
to a theoretically negative metabolite concentration M2. To judge their stability, we
evaluate the eigenvalues of the Jacobian of the system, which is given by (we here omit
all ’(∞)’s for brevity purposes):
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We obtain two stable solutions, shown in Table 2: the trivial steady state of extinction,
and a stable state of coexistence. As one might have expected, in the latter case, the
population density of the faster-growing symbiont significantly exceeds the population
density of its symbiotic partner, in this case by more than one order of magnitude.
Therefore, the system seems to be able to compensate for differences in the biological
traits of the two symbionts and stay stable despite such differences. In the next section,
the effects of such trait differences on the equilibrium states and stability of the system
will be analysed systematically.
N1(∞) N2(∞) R(∞) M1(∞) M2(∞) Eigenvalues Stability
0 0 2× 1012 0 0 (−0.1,−0.1,−0.1,−0.1,−0.1) Stable
≈ 6.8× 107 ≈ 1.9× 109 ≈ 5.6× 109 ≈ 1.0× 1010 ≈ 5.8× 1012 (≈ −0.06± 0.31i, ≈ −0.1, ≈ −0.1, ≈ −33.2) Stable
≈ 1.9× 105 ≈ 3.9× 105 ≈ 2.0× 1012 ≈ 5.4× 108 ≈ 1.1× 109 (≈ 0.06, ≈ −0.05± 0.09i, ≈ −0.1, ≈ −0.16) Unstable
≈ 1.9× 109 ≈ 5.8× 107 ≈ 2.6× 109 ≈ 5.8× 1012 ≈ −2.0× 1010 Not calculated Not analysed
Table 2. The steady states of the ’asymmetric’ example.
Additionally, we observe that, as long as no metabolites are manually added to the cul-
ture, the Jacobian of the extinction state (N1(∞) = 0, N2(∞) = 0, R(∞) = Rin,M1(∞) =
0,M2(∞) = 0) always reduces to:
J =

−ω 0 0 0 0
0 −ω 0 0 0
0 0 −ω 0 0
1 0 0 −ω 0
0 2 0 0 −ω

, (4.7)
which has the five eigenvalues λ1,2,3,4,5 = −ω, and is, therefore, always a stable steady
state.
If, however, sufficient amount metabolites are manually added to the medium at the
extinction state, the occurring extinction equilibrium state (N1(∞) = 0, N2(∞) =
0, R(∞) = Rin,M1(∞) = M1,in,M2(∞) = M2,in) will become unstable instead. The
Jacobian of the system in this case becomes a lower diagonal matrix with the eigenvalues
λ1,2,3 = −ω and
λ4 =
M2,in
K1 +M2,in
Rin
L1 +Rin
r1 − ω
λ5 =
M1,in
K2 +M1,in
Rin
L2 +Rin
r2 − ω.
(4.8)
Biologically, this means that sufficient amounts of metabolite influx will let the system
converge to the stable state state of non-extinction. This can be explained by the fact
that increasing the external metabolite concentrations will increase the realised growth
rates of the two populations and, therefore, allow them to grow faster than the washout
rate ω.
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5. Conditions for a stable equilibrium
If different species interact in nature, it can be expected that they differ in their bio-
logical traits such as their intrinsic growth rate or their metabolite efflux, affinity and
requirements. In this section, we will systematically examine the influence of such dif-
ferences on the occurring equilibria and the stability of the system.
5.1. Intrinsic growth rate. First we study the effect of different intrinsic growth rates
of the symbionts, by fixing r1 at the standard value of 1 h
−1 and computing the non-
trivial stable equilibrium of the system for different values of r2. Table 3 summarises
the results. The system has a stable non-extinction equilibrium for values of r2 between
approximately 0.11 to 100 h−1, higher values were not tested. Below this range, only
the extinction state is stable, which is plausible since the dilution rate of the system is
fixed at ω = 0.1 h−1, so that an intrinsic growth rate above this level is required for
establishing a stable population. Generally, higher intrinsic growth rates will lead to
higher population densities at the expense of the symbiotic partner, however in case of
very small intrinsic growth rates (r2 / 0.2), increasing growth rates will also benefit the
symbiotic partner, which can be explained by increasing levels of metabolite availability.
As shown previously, the extinction state was found to be stable as well, which suggests
that the initial conditions determine whether the system will converge to the extinction
or the non-extinction state. We show this with a numerical examination of the case of
an extremely low intrinsic growth rate of r2 = 0.11. The phase space of the system with
regards to the two population densities is depicted in Figure 2. Note how sufficiently
high inoculation sizes are required for a stable symbiosis.
r2 N1(∞) N2(∞) R(∞) M1(∞) M2(∞)
0.1 No non-trivial stable steady state.
0.11 1.4× 109 4.8× 107 5.1× 1011 4.3× 1012 1.2× 109
0.15 1.8× 109 6.2× 107 1.0× 1011 5.5× 1012 1.8× 109
0.2 1.9× 109 6.4× 107 5.0× 1010 5.7× 1012 2.5× 109
0.25 1.9× 109 6.5× 107 3.3× 1010 5.7× 1012 3.3× 109
0.5 1.9× 109 6.7× 107 1.3× 1010 5.8× 1012 1.0× 1010
1 1.0× 109 1.0× 109 5.6× 109 2.9× 1012 2.9× 1012
2 6.8× 107 1.9× 109 5.6× 109 1.0× 1010 5.8× 1012
5 6.5× 107 1.9× 109 5.6× 109 2.5× 109 5.8× 1012
10 6.5× 107 1.9× 109 5.6× 109 1.1× 109 5.8× 1012
100 6.4× 107 1.9× 109 5.6× 109 1.0× 109 5.8× 1012
Table 3. The biologically feasible (M1(∞),M2(∞) > 0) non-trivial
stable steady state for varying growth rates r2. All values are rounded
to the first decimal place.
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Figure 2. Phase space diagram of the case of r2 = 0.11. Note, how
sufficiently high inoculation sizes are required for reaching the non-
extinction state (black disc).
5.2. Parameters relating to the metabolites. Now, we analyse how differences in
those biological traits, that relate to the efflux and utilisation of the exchanged metabo-
lites, will affect the equilibrium states of the system.
First, we estimate the range of metabolite efflux rates 2, in which a stable symbiosis can
occur (Table 4). Interestingly, even minor metabolite efflux rates are able to sustain a
stable symbiosis, however with significantly asymmetric population densities. Increasing
the metabolite efflux rate of a species shifts the equilibrium towards the respective other
symbiotic partner. We again examine the system numerically, here the case of an ex-
tremely low metabolite efflux of 2 = 1.0, in order to see how the initial population sizes
determine, whether the stable steady state of symbiosis, or the stable extinction state
will be reached. Again, we observe that sufficiently high inoculation sizes are required
for reaching the former (Figure 3).
Next, we use the same method in order to examine the influence of differences in metabo-
lite requirements of the two symbionts on the equilibria and stability of the system (Ta-
ble 5). Increasing metabolite requirements shift the equilibrium states towards lower
population sizes of the respective species, whereas the population density of the other
symbiont grows. We once again numerically compute the phase space diagram of the
most extreme case analysed (γ2 = 1 × 104) to demonstrate how the initial population
sizes determine which stable steady state will be reached (Figure 4).
Finally, we examine the influence of differences in metabolite affinity, expressed as the
Monod constant of the interacting populations (Table 6). Again, the system shows a
remarkable tolerance of differences between the two species . The phase space diagram
of the most extreme case analysed (K2 = 1× 1013) again demonstrates the influence of
the initial population sizes on the steady state the system converges to (Figure 5).
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2 N1(∞) N2(∞) R(∞) M1(∞) M2(∞)
0 No non-trivial stable steady state.
1 6.8× 107 1.9× 109 1.1× 1010 1.2× 1010 1.2× 1010
1× 101 1.2× 108 1.9× 109 5.9× 109 1.8× 1011 1.8× 1011
1× 102 5.2× 108 1.5× 109 5.6× 109 1.4× 1012 1.4× 1012
1× 103 1.5× 109 4.7× 108 5.6× 109 4.5× 1012 4.5× 1012
1× 104 1.9× 109 6.0× 107 5.6× 109 5.8× 1012 5.8× 1012
Table 4. The biologically feasible (M1(∞),M2(∞) > 0) non-trivial
stable steady state for varying metabolite efflux rates 2. All values are
rounded to the first decimal place.
Figure 3. Phase space diagram of the case of 2 = 1.0. Note, how
sufficiently high inoculation sizes are required for reaching the non-
extinction state (black disc).
γ2 N1(∞) N2(∞) R(∞) M1(∞) M2(∞)
1 9.8× 108 1.0× 109 5.6× 109 2.9× 1012 2.9× 1012
10 9.8× 108 1.0× 109 5.6× 109 2.9× 1012 2.9× 1012
100 1.0× 109 1.0× 109 5.6× 109 2.9× 1012 2.9× 1012
1000 1.1× 109 8.7× 108 5.6× 109 2.5× 1012 2.5× 1012
10000 1.6× 109 3.8× 108 5.6× 109 9.9× 1011 9.9× 1011
Table 5. The biologically feasible (M1(∞),M2(∞) > 0) non-trivial
stable steady state for varying metabolite requirements γ2 per new cell
of the second species. All values are rounded to the first decimal place.
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Figure 4. Phase space diagram of the case of γ2 = 1 × 104. Note,
how sufficiently high inoculation sizes are required for reaching the non-
extinction state (black disc).
K2 N1(∞) N2(∞) R(∞) M1(∞) M2(∞)
1× 101 6.4× 107 1.9× 109 5.6× 109 5.8× 103 5.8× 1012
1× 105 6.4× 107 1.9× 109 5.6× 109 5.8× 107 5.8× 1012
1× 106 6.5× 107 1.9× 109 5.6× 109 5.8× 108 5.8× 1012
1× 107 6.6× 107 1.9× 109 5.6× 109 5.8× 109 5.8× 1012
1× 108 8.3× 107 1.9× 109 5.6× 109 5.7× 1010 5.7× 1012
1× 109 2.3× 108 1.8× 109 5.6× 109 5.3× 1011 5.3× 1012
1× 1010 1.0× 109 1.0× 109 5.6× 109 2.9× 1012 2.9× 1012
1× 1011 1.8× 109 2.3× 108 5.7× 109 5.3× 1012 5.3× 1011
1× 1012 1.9× 109 8.3× 107 6.7× 109 5.7× 1012 5.7× 1010
1× 1013 1.9× 109 6.6× 107 1.9× 1010 5.7× 1012 5.7× 109
≥ 1× 1014 No non-trivial stable steady state
Table 6. The biologically feasible (M1(∞),M2(∞) > 0) non-trivial
stable steady state for varying metabolite affinities of the second species,
expressed as their Monod constant K2. All values are rounded to the
first decimal place.
5.3. Parameters relating to the limited resource. Finally, we use the same ap-
proach to examine how differences in those biological traits, that relate to the utilisa-
tion of the limited resource R, will affect the equilibrium states of the system. From
a biological point of view this is interesting because both species directly compete for
this resource, whereas there is no competition for the exchanged metabolites. For this
reason, differences in traits relating to the limited resource might affect the system in
a different way than differences in traits which relate to the metabolites the symbionts
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Figure 5. Phase space diagram of the case of K2 = 1 × 1013. Note,
how sufficiently high inoculation sizes are required for reaching the non-
extinction state (black disc).
provide each other with. For brevity purposes these results are presented in Appendix
A.
6. The symbiotic spectrum
In this section, we demonstrate how changes in the concentration of a metabolite can
change the nature of the symbiotic interaction along a gradient ranging from true mu-
tualism over commensalism to obligate parasitism. For this, we calculate the non-trivial
stable equilibrium point of the system for different influx concentrations of the second
metabolite using the standard parametrisation of the model described earlier. We com-
pare the obtained population density equilibria with the equilibria obtained for the case
of either of the two species being cultivated on its own. This way, we can assess whether
the two populations gain an advantage or disadvantage from being cultivated together
with the respective other one. We quantify these mutual effects by dividing the popula-
tion density equilibria of the cocultivated populations by their respective counterparts
in the ’monoculture’ case.
In order to obtain the population densities for the ’monoculture’ case, we re-use the
devised general model after applying a number of simplifications. We here only show
how to obtain the solution for N1, since the case of N2 is trivial. We first remove the
second equation from equations (2.2), which describes the growth of the second popula-
tion. The third term of equation (2.3) is accordingly removed as well. Since we consider
the case of N1 growing alone, we are not interested in the concentration of the first
metabolite, so we can remove the fourth equation of the model as well. Finally, the
second term of the fifth equation can be removed as well, since N2 equals zero. We are
left with the following simplified model:
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N˙1(t) = (β1(M2(t), R(t))− ω) ·N1(t)
R˙(t) = ω · (Rin −R(t))− α1 · β1(M2(t), R(t)) ·N1(t)
M˙2(t) = ω · (M2,in −M2(t))− γ1 · β1(M2(t), R(t)) ·N1(t),
(6.1)
which can be solved for N1(∞) by solving the second equation for R(∞) and the third
equation for M2(∞) and substituting them in the first equation. Table 7 summarises
the results: Note, how an increasing influx concentration of the second metabolite di-
minishes the profit, which the first symbiont experiences from being cocultivated with
the second species. At influx concentrations around ≈ 10 × K1, the growth is not af-
fected by the presence of the other symbiont, and for even higher concentrations the
effect even becomes detrimental. In contrast, the second species is not able to survive
on its own because the first metabolite is not supplemented into the culture. Therefore,
it experiences a benefit from the presence of its symbiotic partner in all cases. Accord-
ingly, by manipulating the external concentration of the second metabolite, we can shift
the relationship between the two symbionts along a gradient which spans from obligate
mutualism to obligate parasitism.
Cultivated alone Cocultivated Ratio
M2,in [×K1] N1(∞) N2(∞) N1(∞) N2(∞) N1 N2 Interaction
0 0 0 1.0× 109 1.0× 109 ∞ ∞ Mutualistic
0.1 0 0 1.0× 109 1.0× 109 ∞ ∞ —”—
0.2 8.6× 106 0 1.0× 109 1.0× 109 116.3 ∞ —”—
0.3 1.9× 107 0 1.0× 109 1.0× 109 52.6 ∞ —”—
0.4 2.9× 107 0 1.0× 109 1.0× 109 34.5 ∞ —”—
0.5 3.9× 107 0 1.0× 109 1.0× 109 25.6 ∞ —”—
1 8.9× 107 0 1.0× 109 1.0× 109 11.2 ∞ —”—
5 4.9× 108 0 1.0× 109 9.9× 108 2.04 ∞ —”—
10 9.9× 108 0 1.0× 109 9.8× 108 0.99 ∞ Commensalistic
15 1.5× 109 0 1.0× 109 9.7× 108 0.66 ∞ Parasitic
20 2.0× 109 0 1.0× 109 9.6× 108 0.50 ∞ —”—
Table 7. Population densities at the stable equilibrium for the two
species when cultivated alone or together for different levels of metabo-
lite influx concentration M2,in. All non-zero population densities are
rounded to the first decimal place.
The negative effect the first species expects as a consequence of the presence of the
second one in case of high external concentrations of M2 stems from the facts, that both
species rely on the same limited resource for growth. Accordingly, changing the avail-
ability of this resource by manipulating its influx concentration Rin can be expected to
change the shape of the symbiotic spectrum. In order to analyse this in more detail,
we will now compute the symbiotic spectrum for different influx concentration levels.
Table 8 summarises the results. Observe, how a higher resource availability shifts the
point where the mutualistic relationship becomes a parasitic one towards higher influx
concentrations of the metabolite.
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Ratio N1
M2,in [×K1] Rin = 1× 1012 Rin = 2× 1012 Rin = 4× 1012
0 ∞ ∞ ∞
0.1 ∞ ∞ ∞
0.2 58.1 116.3 229.9
0.3 26.3 52.6 105.3
0.4 17.2 34.5 69.0
0.5 12.8 25.6 51.3
1 5.62 11.2 22.5
5 1.04 2.04 4.08
10 0.52 0.99 2.02
15 0.35 0.66 1.33
20 0.27 0.50 1.0
Table 8. The symbiotic spectrum for different levels of availability of
the limited resource R. ’Ratio N1’ denotes the ratio between the stable
population density of the first species when cocultivated together with
its symbiont compared to a monoculture. Ratios above 1.0 indicate a
mutualistic relationship, ratios below that level indicate parasitism.
7. Discussion
In this work, a mechanistic model of disjunctive microbial symbioses based on metabolic
interdependence has been derived. In contrast to preceding works, this model only relies
on parameters which are directly measurable and understandable from biological first
principles, instead of phenomenological terms such as ’cooperativity coefficients’ that
need to be fitted to experimental data a posteriori. This way, the exact mechanisms un-
derlying such symbiotic relationships are mechanistically understandable and concrete
hypotheses can be generated which may be tested experimentally. Naturally, such mod-
els are less elegant from a purely mathematical point of view due to a higher number of
parameters and equations, which makes them harder to solve analytically. Nonetheless,
from a biological point of view they are able to provide valuable insights into the exact
processes underpinning the interactions between the symbionts and thus make them a
valuable tool for further research.
A main finding of this work is the remarkable stability of the modelled system towards
differences in the biological traits of the involved organisms. This is a convenient find-
ing from a perspective of applied microbiology (for example, see Großkopf and Soyer
(2014)), because it shows that such systems can be constructed using organisms which
might strongly differ from each other without endangering the long-term stability of the
symbiotic relationship. This finding also might at least partially explain, why stable
metabolic symbioses between microorganisms are not an uncommon sight in nature (for
example refer to Overmann and Schubert (2002); Canfield et al. (2005); Kouzuma et al.
(2015)). However, it needs to be noted that artificially establishing such a system in
vitro requires suitable starting conditions, i.e. sufficient inoculation sizes of both organ-
isms, or else the system will collapse and converge to the alternative stable steady state
of permanent extinction. This also raises the possibility that higher inoculation sizes or
the usage of smaller culture volumes may allow the cultivation of a number of microbial
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taxa previously thought unculturable, as also already noticed by Stewart (2012).
In many cases, the production of complex substances comes with a diminished repro-
ductive fitness (Wu et al., 2016), as demonstrated by e.g. the fitness costs bacteria
experience as a consequence of antibiotic resistance mutations that rely on the activity
of degradative enzymes (Melnyk et al., 2015). Such effects are able to endanger the
stability of the symbiotic association, if two conditions are met: First, the metabolite
production and efflux rate must be subject to random mutation events, which is to be
expected in biological systems. Second, genotypes with a higher metabolite efflux rate
need to experience a monotonically increasing metabolic burden, i.e. lower reproduc-
tive fitness. If both assumptions are met, it is easy to show that both populations will
evolve towards ever decreasing metabolite efflux rates, if no effects are at play that are
able to compensate for such differences in reproductive fitness. This would theoretically
cause decreasing amounts of metabolites available for the respective symbiotic partner,
increasingly slowing down microbial growth and ultimately the collapse of the system.
Nonetheless, cases exist in which bacterial populations ’voluntarily’ release metabolites
in their environments and thereby uphold syntrophic relationships with other strains or
species (Turner et al., 1996; Kouzuma et al., 2015; Pande and Kost, 2017). The exact
mechanisms behind this behaviour have not been understood yet and could therefore not
be taken into account in the derivation of the presented model. Some proposed mecha-
nisms include trade-offs in affinity for different resources, a trade-off between maximum
growth rate and maximum biomass yield or a trade-off between resource uptake and
biomass production (Stump and Klausmeier, 2016). Nonetheless, this problem remains
far from solved.
The other interesting finding of this work lies in the demonstration of the existence of
a continuous spectrum of symbiotic relationships, where mutualism and parasitism are
only the most extreme cases of interaction. It could be shown that depending on the
external metabolite availability, the exact same species interaction can fall on vastly
different regions on this spectrum, which further substantiates the concept of symbioses
as a continuous spectrum instead of static and isolated categories. This falls in line
with both previous experimental (Megee et al., 1972; Hoek et al., 2016) and theoretical
(Graves et al., 2006; Yukalov et al., 2012) research.
In this work, only the case of disjunctive microbial symbiosis has been analysed. Through-
out the scientific literature, several cases of conjunctive microbial symbioses based on
metabolic interdependence have already been described (Jeon, 1972; Jeon and Jeon,
1976; Overmann and Schubert, 2002; Canfield et al., 2005; Shapiro et al., 2016; Shapiro
and Turner, 2018). Additionally, such a physically associated microbial symbiosis was
also artificially constructed in the laboratory and studied recently (de Bashan et al.,
2016), however our knowledge of the exact growth and behaviour of such systems as a
function of the environmental conditions and the biological traits of the involved sym-
bionts is still too limited to model such systems reliably.
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Appendix A. Further results
We here present the additional results pertaining to the position of the equilibrium of
the system, if the symbionts differ in those biological traits that relate to the utilisation
of the limited resource R. Table 9 shows the influence of the resource requirement α2
of the second species. Increasing requirements will reduce the population density at
the equilibrium point of the respective species, and, interestingly, will also reduce the
population density of the other symbiont. This suggests, that changes in resource re-
quirements will not give any advantage or disadvantage to either of the two symbionts,
but will instead only change the overall carrying capacity of the system. This can also
be seen from Equation (4.5).
α2 N1(∞) N2(∞) R(∞) M1(∞) M2(∞)
1 2.0× 109 2.0× 109 5.6× 109 5.8× 1012 5.8× 1012
1× 101 2.0× 109 2.0× 109 5.6× 109 5.7× 1012 5.7× 1012
1× 102 1.8× 109 1.8× 109 5.6× 109 5.3× 1012 5.3× 1012
1× 103 1.0× 109 1.0× 109 5.6× 109 2.9× 1012 2.9× 1012
1× 104 1.8× 108 1.8× 108 5.7× 109 5.3× 1011 5.3× 1011
1× 105 2.7× 107 2.7× 107 6.7× 109 5.7× 1010 5.7× 1010
Table 9. The biologically feasible (M1(∞),M2(∞) > 0) non-trivial
stable steady state for varying resource requirements α2 per new cell of
the second species. All values are rounded to the first decimal place.
Table 10 shows the influence of the Monod constant L2 of the second species for the lim-
ited resource. Decreasing (increasing) the Monod constant, i.e. increasing (decreasing)
the affinity of the species for the limited resource, will increase (decrease) its population
size, however the effect on the symbiotic partner will vary. For small to intermediary
values of L2, an increase will benefit the symbiotic partner, which is likely caused by
the higher levels of available resource not taken up by N2. In contrast, in case of high
values of L2, the symbiotic partner N1 will experience smaller population sizes as well,
which is likely to be caused by a lack of produced and exported metabolite M2.
L2 N1(∞) N2(∞) R(∞) M1(∞) M2(∞)
1× 108 6.5× 107 1.9× 109 5.6× 109 1.1× 109 5.8× 1012
1× 109 6.5× 107 1.9× 109 5.6× 109 1.3× 109 5.8× 1012
1× 1010 6.6× 107 1.9× 109 5.6× 109 3.9× 109 5.8× 1012
1× 1011 1.9× 109 6.8× 107 1.1× 1010 5.8× 1012 1.2× 1010
1× 1012 1.8× 109 6.1× 107 1.1× 1011 5.5× 1012 1.7× 109
1× 1013 8.6× 108 2.9× 107 1.1× 1012 2.6× 1012 1.2× 109
Table 10. The biologically feasible (M1(∞),M2(∞) > 0) non-trivial
stable steady state for varying Monod constants L2 of the second species.
All values are rounded to the first decimal place.
